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Abstract

In this work we propose a novel method for treatment selection based on in-

dividual covariate information when the treatment response is multivariate and

data are available from a crossover design. Our method covers any number of

treatments and it can be applied for a broad set of models. The proposed method

uses a rank aggregation technique to estimate an ordering of treatments based on

ranked lists of treatment performance measures such as smooth conditional means

and conditional probability of a response for one treatment dominating others. An

empirical study demonstrates the performance of the proposed method in finite

samples

Key Words: Crossover Designs; Multiple Responses; Design variables; Person-

alized Treatments, Single Index Models
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1. Introduction

Designing optimal treatment regimes based on individual patient characteristics has

gained a momentum over the last few years (see for example van’t Veer and Bernards [1];

Varquez [2]). Dynamic treatment regimes that are geared towards the “best” outcome

for a patient based on his/her genetic and genomic markers are of high importance.

Readers are referred to Qian and Murphy [3], Cai et al. [4], Zhao et al. [5], Schulte et

al. [6], Siriwardhana et al. [7] and references therein for details of existing treatment

selection procedures based on data with a single outcome (response) variable.

In many practical situations the success of a treatment cannot necessarily be mea-

sured via a single outcome as a variety of factors may compel both patients and clinicians

to consider recovery in a rather broad view. For example, in deciding a treatment for

a cancer, a clinician may use multiple values of gene expressions from different families

of genes as endpoint indicators of a successful treatment (Kelly et al. [8]). Situations

where the disease is not curable, eg: Multiple Myeloma, may require monitoring multi-

ple measurements such as immunoglobulins, creatinine level etc. as outcome measures

in planning optimal long term treatment regimes. A study by Ganesan et al. [9] gives

a situation where the primary objective is the effect of atorvastatin (a lipid lowering

agent) on HIV-1 RNA with a secondary objective of studying the effects of this statin

on cellular markers of immune activation. These examples illustrate situations where

multi-response outcomes become natural measurements of treatment effects. Few arti-

cles have attempted to address the treatment selection in the face of multiple responses.

Creation of a composite outcome via a linear combination of outcomes was advocated

by Lizotte et al. [10]. In a contrasting approach, Laber et al. [11] and Erteefaie et

al. [12] provide continuous/dynamic learning methods of selecting set valued treatment

regimes when there are multiple responses. The recommendation in set valued selections

is generally a set of possible treatments that are ”no worse” than any other in the set

rather than a single optimal treatment. Both articles above conduct the selection at each
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of several stages comparing two treatments at a time. Another article that addresses

multi-response treatment selection is by Lizotte and Laber [13] where these authors fo-

cus on multi-objective sequential optimization method that again gives a non-dominated

treatment set that is commonly known as a Pareto optimal collection among possible

treatments. On the other hand, Butler et al. [14] provide a selection method for only

two treatments where a single treatment is recommended using patient survey data in

addition to clinical data. Siriwardhana et al. [15] provides a selection method that uses

a rank aggregation method to determine a unique treatment from a collection of multiple

treatments.

In this paper we consider the selection of the optimal treatment among K possi-

ble treatments for a patient using his or her baseline characteristics when multivariate

outcomes (responses) are to be considered. In developing the selection of the optimal

treatment for a patient, we assume that data from a balanced crossover clinical trial

experiment with no carryover effects (see Ganesan et al. [9]) assumption are available.

Crossover trials are used in many clinical experiments to maintain limited numbers of

patient enrollments and they can be effectively used for designing experiments for sev-

eral disease types. One advantage in a crossover trial is that one collects data for all

treatments from every participant.

In our proposed approach, to handle statistical issues arising due to high dimensional

covariates, each patient is assigned a score based on his/her covariate values. Then we

use a weighted rank aggregation method (see for example Pihur et al. [16, 17]) to com-

bine ranks(orderings) assigned to treatments based on each response. These ranks can

be determined for each response using an existing criteria such as ordered conditional

mean for each response given the patient score or quantities based on conditional prob-

ability of one treatment dominating others given the patient score. Additionally, the

rank aggregation method in Pihur et al. [16, 17] is flexible to assign different impor-

tance factors to each response variable. This allows one to use apriori opinions on the

importance of each response in determining the best treatment procedure. Our simula-
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tions studies show that the proposed method has very desirable properties in terms of

selection frequency of the best treatment.

The remainder of the article is organized as follows. In Section 2, we discuss the

proposed methodology. Section 3 includes simulation results followed by a a discussion

in Section 4.

2. Treatment Selection

In this section we describe the proposed procedure and list some of its desirable large

sample properties. First, in a crossover design with K treatments, patients are assigned

treatments in a random order (treatment sequence). In this work we assume that there

are no carryover effects for transitioning from one treatment to the next, i.e. effect from

any treatment is washed out before the next treatment is given. This is a common

assumption in many studies (Ganesan et al. [9]). Additionally, we assume that each

patient only receives one treatment sequence, i.e. each treatment is given only once

to a patient. We also assume that there are no sequencing effects; i.e. responses do

not have an impact from the position of a treatment in a sequence of treatments for

a patient. Then, regardless of the order in which the treatments are administered, we

can always list the outcomes for any given patient in a vector form as (Y
′
1, ...,Y

′
K)′

where Yk corresponds to the response vector for the kth treatment; i.e. (Y
′
1, ...,Y

′
K)′

are exchangeable. Here, without loss of generality, we assume larger values of each

component of the response vector are indicative of better outcomes. We let the dimension

of the response vector Yk to be q. Associated with each response vector is a r dimensional

covariates X for that patient. Assume further that a patient’s covariate value X is used

to obtain a lower dimensional composite patient score vector of dimension q, U(X)

say, construction of which we discuss in the sequel. Note that the responses Yks are

correlated and the components of each vector Yk are also correlated. We Assume that

the covariance matrix of Yk does not depend on k.
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As mentioned above, one major reason for using a crossover design is to manage

the sample size in an experiment. With crossover trials with large K, if one were to

use a balanced experiment where every possible treatment sequence is administered, the

sample size can become prohibitively large. Hence, experimenters can use unbalanced

designs in such situations (Jones and Kenward [18]). Our proposed method below will

apply to even with data from unbalanced designs due to the exchangeability assumption

above.

Our data is then a sample from the joint distribution of (Y
′
1, ...,Y

′
K ,X)′ where we let

Yk = (Y1k, ...., Yqk)
′. If we select the optimal treatment only based on the ith component

(1 ≤ i ≤ q) of the response vector, one would traditionally use

µik(ui) = E[Yik|Ui(X) = ui]; k = 1, ..., K

to select the best treatment where Ui is the ith component of a suitably defined score

vector U(X) = (U1(X), ..., Uq)(X))′ for a given vector u = (u1, ..., uq)
′. In our proposed

method here, we will define the optimal retirement by combining the K vectors µk(u) =

(µ1k(u1), ..., µqk(uq))
′, k = 1, ..., K for u = (u1, ..., uq)

′ in a suitable manner, where

components of each of these µk(u) vectors correspond to each response under treatment

k, thus taking all responses into account when selecting the optimal treatment.

In particular, we rank the K values for each component of µk vectors (k = 1, ..., K) to

get q size K vectors defined as vi(u) = (vi1(u), ..., viK(u))′, i = 1, ..., q where vik(u) is the

rank of µik among µik, k = 1, ..., K for each i (here i = 1, .., q ) with the largest µik value

given the rank 1. This creates q vectors of ranks corresponding to each component of the

response vector. Then, we use an aggregation method to combine these rank vectors to

get an overall ranking of treatments. In this article we use the method proposed in Pihur

et al. [16] to aggregate these rank vectors for a given score vector U0 = (U10, ..., Uq0)
′.

In particular, for a suitably chosen set of weights ωi; i = 1, ..., q and a distance measure
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γ, we minimize a quantity

ψ(v) =

q∑

i=1

ωiγ(v,vi(U0)) (1)

over PK , the set of all permutations of {1, ..., K}, to get a vector v∗ = (v∗1, ..., v
∗
K)′ where

v∗ = arg min
v∈PK

ψ(v). (2)

Among possible distance measures for γ is the weighted Spearman’s Footrule distance

(Pihur et al. [16]) which was used in our empirical work. We then define the optimal

treatment as

k∗(U0) = arg min
1≤k≤K

{v∗k} (3)

We illustrate the proposed procedure with a simple example. Suppose we have a

situation with K = 3 treatments with q = 4 responses with µiks and corresponding

ranks as 


30 35 28

10 18 30

14 12 8

22 18 31




and




2 1 3

3 2 1

1 2 3

2 3 1



.

For example, the first row of the second matrix above indicates that with respect to the

first response, the second treatment as the best followed by treatments 1 and 3 . Now,

if we use the aggregation algorithm in Pihur et al. [16, 17] which uses both the values

of µik, i = 1, ..., 4; k = 1, ..., 3 and their corresponding ranks in the weighted Spearman’s

Footrule distance γ combined with ωi = 1, i = 1, ..., 4, we get the aggregated rank vector

v∗ = (3, 2, 1)′ indicating that the treatment 3 is the best among the three competitors.

On the other hand, use of ω1 = 0.4, ω2 = 0.3, ω3 = ω4 = 0.15, in the same aggregation

algorithm results in v∗ = (3, 1, 2)′ indicating that treatment 2 is optimal.

In addition to using component means to select the optimal treatment as defined
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above, we also examine the treatment selection for K treatments using another criterion

as follows. For (Y1, ...YK ,X), we define a set of probabilities

pik(u) = P [Yik > maxk 6=lYil|Ui(X) = ui]; i = 1, ..., q; k = 1, ..., K, (4)

to select the best treatment. We argue that pik(u) above gives a measure of dominance

for the kth treatment over the others in terms of the ith component of the response vector

and hence can be used in selecting the best treatment for a patient with that score. This

is an alternative to measures based on conditional expectations which require restrictive

moment assumptions on the error distribution for all inference aspects in a regression

context, the natural framework of handling such data. On the other hand, estimation of

quantities like piks can be done using conditional U-statistics with minimal assumptions.

Again our goal is to combine these pik values in the same manner above to get an overall

best treatment with respect to all components of the response.

If we are to use above conditional probabilities to rank the treatments, we use

the same aggregation method above to vectors of ranks corresponding to pk(u) =

(p1k(u1), ..., pqk(uq))
′, k = 1, ..., K in a similar fashion.

In Section 3, we show that our proposed procedure based on estimated pk(u)s has

good performance against a selection based on estimated µk(u)s using simulated data

that were generated using realistic assumptions. The above approach can be meaning-

fully used for any set of models that is appropriate for relating responses and covariates

provided that those models define an ordering of at least one component of above µks

(pks) for at least one score so that one of the treatments stands out. As observed below,

one set of models that can provide such an ordering is Single Index Models (SIMs). In

the sequel we base our discussions on Single Index Models for relating the ith component

Yik of the response vector Yk for the kth treatment and covariates X via

Yik = gik (β′ikX) + εik (5)
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for i = 1, . . . , q and k = 1, ..., K where each βik is a r-vector of parameters, giks are

unknown link functions for which we assume some reasonable smoothness conditions to

hold, and εik are error terms assumed to satisfy E[εik|X] = 0. Furthermore we assume

independence of εiks across k = 1, ..., K for a fixed i where these terms are correlated

across is for any given k. The Single Index formulation provides flexibility and reasonable

efficiency in modeling many types of data.

One can actually show (proof not given here) that if the SIM above holds and if

gik (β′ikX) > gil (β
′
ilX) for all k 6= l, then the corresponding pik(u) > pil(u), i 6= l for

the realization U = u for our proposed score. Hence, using pks to choose the best

treatment is somewhat more general than using conditional expectations. Although the

properties of the proposed approach discussed in the sequel are for mean SIMs, they all

also hold for quantile SIMs models. Additionally, those properties extend to PLSIMs

as the parameters of the linear part of PLSIMs can be estimated at a
√
n rate (see for

example Liang et al. [19]).

If model relating Yik to X is not a SIM, we can still implement the same mechanism

of obtaining the scores via a single index model approximation to the mean or the median

of the responses and then estimate the corresponding pis. This can be thought of as using

a first order Projection Pursuit Regression to model the responses. Since nonparametric

estimation of piks require minimal model assumptions, our approach is applicable for

a very wide class of models. For notational simplicity, we only list properties of the

procedure for conditions that are appropriate for mean SIMs . Modifications in these

conditions needed for other models are minimal.

Our data are then of the following form. For a group of n patients, let Yikj indicate the

jth individuals’ response for the ith component of the response vector under treatment

k with covariate value Xj, j = 1, . . . , n. Then, for this data, relationship (5) is written

as
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Yikj = gik(β
′
ikXj) + εikj, i = 1, ..., q; k = 1, ..., K; j = 1, . . . , n. (6)

Our approach to define an appropriate overall score U is first to use a reasonable

model to obtain a treatment specific score for each patient. The score for treatment k

measures how favorable it is for a patient to receive this treatment when compared to if

he or she were to receive other treatments. To be specific, we first define

Sik (X) = gik (β′ikX)−max
k 6=l
{gil (β′ilX)} .

Next, we define the overall score to be the combination of the maximum of these treat-

ment specific scores, and an index that indicates for which treatment the maximum has

been achieved for the particular covariate value. That is, we define

Si (X) = max
k
{Sik}

δi (X) = arg max
k
{Sik} . (7)

Then, for a patient with covariate value X we define the patient score as U(X) =

(U ′1(X, ..., U ′q(X)′ where Ui(X) = (Si(X), δi(X))′, i = 1, ..., q. Note that the score

U(X) reduces to the score used in the two treatment case by Cai et al. [4] if we restrict

gs to be linear and q = 1 and K = 2. Also, if K = 2 and errors are symmetric about 0,

δis becomes the index for the treatment with the larger location parameter for a given

X for the response component i. However, when K > 2, this is not necessarily the case.

In practice one does not know the error distributions and model functions for models

defined in (5) and therefore we cannot directly calculate µks and pks at a given score

u. Thus, to apply the proposed selection method, we first need to estimate components

of µk and pk using a standard function estimation method. This requires observed Yikj

values as well as observed Ui(Xj), i = 1, ..., q; j = 1, ..., n values corresponding to those

responses. However, Uis defined above are hypothetical scores for a covariate value X

9



as we do not know giks and βiks. Hence, in estimating µk and pk we propose to use

“estimated” U(Xj) values , Û(Xj), say, corresponding to responses Yikj, i = 1, ..., q; k =

1, ..., K; j = 1, ..., n.

Now, to obtain Û(Xj) values, suitable estimators of link functions giks and index

vectors βiks can be used to construct estimators Ŝi (X) and δ̂i(X) of Si(X) and δi(X),

respectively. There is a vast literature on estimating the link function and the index

vector of a single index model (see, for example, Hristache et al. [19], Yu and Ruppert

[20] and references therein) allowing us to use one of several reasonable methods to

estimate the gs and the βs. We used the procedure given in Hristache et al. [19] in

our simulations and data analysis in the sequel. In the sequel these estimators will

be generically denoted by ĝik and β̂ik, respectively, for i = 1, ..., q; k = 1, . . . , K. In

particular, for any given vector x, let

Ŝik(x) = ĝik

(
β̂′kx

)
−max

k 6=l

{
ĝil

(
β̂′ilx

)}

Ŝi (x) = max
k

{
Ŝik(x)

}

δ̂i (x) = arg max
k
{Sik(x)}

Ûi(x) = (Ŝi (x) , δ̂i (x))′

and

Û(x) = (Û ′1(x), ..., Û ′q(x))′ (8)

We randomly select an index δ̂i in the unlikely event that multiple treatments produce

the same Ŝik. Now, we construct our estimator for µik(u), i = 1, ..., q; k = 1, ..., K at a

given u = (s, d)′ as

µ̂ik(u) =

∑n
j=1 Yikjw

(
s−Ŝi(Xj)

h

)
I[δ̂i(Xj) = d]

∑n
j=1w

(
s−Ŝi(Xj)

h

)
I[δ̂i(Xj) = d]

; k = 1, ..., K
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and an estimator of pik(u) is defined as

p̂ik(u) =

∑n
j=1 I[Yikj ≥ maxk 6=l{Yilj}]w

(
s−Ŝ(Xj)

h

)
I[δ̂(Xj) = d]

∑n
j=1w

(
s−Ŝ(Xj)

h

)
I[δ̂(Xj) = d]

; k = 1, ..., K

where h indicates a generic smoothing parameter that will be suitably chosen for the

type of the data being smoothed and I[A] is the indicator of an event A.

For a realization x0 of the covariate X, if we knew the corresponding realization

of the score, u0 = (U ′1(x0), ..., U
′
q(x0))

′, we can estimate µk(u0) (pk(u0)) by µ̂k(u0)

(p̂k(u0)). However, due to the aforementioned reasons, we can only find an estimate

û0 of u0 using (8) above. Thus, we use µ̂k(û0) (p̂k(û0) ) as our estimate of µk(u0)

(pk(u0)) for k = 1, ..., K. Finally, for either using means or the probabilities, for a given

estimated score vector û0 = (û′10, ..., û
′
q0)
′, the estimated best treatment for a patient

with covariate value x0 is defined via the minimization of

ψ(v) =

q∑

i=1

ωiγ(v,vi(û0)) (9)

over PK and defining

v̂∗ = arg min
v∈PK

ψ(v). (10)

followed by defining

k̂∗ = arg min
1≤k≤K

{v̂∗k} (11)

where v̂∗k, k = 1, ..., K are the ranks obtained by the minimization of the distance function

(9) for the corresponding procedure.

Remark 1. Using arguments similar to those given in Siriwardhana et al. [7, 15] , we

can show that the estimators µ̂ik(û0), i = 1, ..., q; k = 1, ..., K and p̂ik(û0) converge in
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probability to µki(u0) and pki(u0) respectively as n → ∞. Now, if there are no ties in

in the rankings produced by vi(u0) for i = 1, ..., q and that the function ψ has a unique

minimizer v∗, we can conclude that ψ̂ converges in probability to ψ uniformly on the

finite set PK . This gives that v̂∗ converges in probability to v∗ which in turn implies

that k̂∗ converges in probability to k∗ as n→∞.

Remark 2. Choice of weights ωi, i = 1, ..., q decides the role the vitality of each response

in selecting the ideal treatment for a patient. The method we propose is at an individual

patient level and hence the importance of each response is also at an individual level.

While some responses are clinical/biological measurements, others may be measures that

are directly patient related. Thus, while we can always use ωi = 1 for all i, we offer

the user (clinician/patient/medical researcher) the flexibility of selecting the weights for

their specific application. Finding methods for optimal data based weight selection is a

worthy research effort that has not been undertaken in this work.

Bandwidth selection for estimating the link functions, piks and µiks is a challenging

issue which has also not been investigated in this work. However, methods suggested

in Wand and Jones [22] for kernel smoothing seemed to perform reasonably well in our

simulations.

3. Empirical Studies

In this section we present a detailed simulation study that investigates the properties of

the proposed procedure in finite samples.

We conducted a series of simulations with the proposed procedure under various set-

tings. Our primary focus is to compare accuracy of correct treatment selection using

rank aggregation methods for µks and pks using a variety of models and error distribu-

tions. This simulation study was performed for multiple (K ≥ 2) treatment groups with
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multi responses. To our knowledge, personalized treatment selection based on crossover

trials data has not been addressed in the literature. Hence, comparisons with existing

methods were not possible We select our model sets such that each model in a set domi-

nates other competing models for some combination of covariate values; in other words,

none of considered models fully dominate other models within the whole covariate space.

First for each j = 1, ..., n, we generate the covariate Xj. Then, we generate size q iid

multivariate random vectors ẽlj = (ẽ1lj, ..., ẽqlj)
′, l = 1, ..., K with mean (0, ..., 0) where

the off diagonal elements of the q × q covariance matrix is given by σ2ρ and diagonal

elements are given by σ2 for a range of values σ and ρ. Then, we define a set of q

dimensional vectors ekj, k = 1, ..., K by ekj =
∑k

l=1
l
k
ẽlj. Now, the jth response vector

for the kth treatment (Y1kj, ..., Yqkj)
′ is generated by ekj + (g1k(β

′
1kXj), ..., gqk(β

′
qkXj))

′.

We use the methods described in Section 2 to estimate µiks and piks.

Here we used a sample size n = 50. The components of the r dimensional covariate

vectors X were generated from a r dimensional multivariate normal distribution with

zero mean and a covariance matrix with the ab th element equal to ρ|a−b| where ρ

was chosen from the set {0.1, 0.5, 0.9} and r was chosen as 3, 5, and 8. For each j,

ẽlj, l = 1, ..., K i.i.d. vectors were generated from either a q dimensional multivariate

normal distribution or a multivariate double exponential distribution with zero mean

and a correlation matrix with the abth element given by ξ|a−b| where ξs were chosen

from the set {0.1, 0.5, 0.9}. The R package mvtnorm [23] was used for the generation of

these random vectors where in the multivariate normal case, the dispersion parameter

σ was chosen from the set {0.1, 0.3, 0.5} . We used the package LaplacesDemon [24]

for generating double exponential random variables with dispersion parameters 0.1 and

0.5. Using various link functions and index vectors, we examined the performance of the

proposed methodology under a variety of both linear and nonlinear regression models

with the Single Index Model (SIM) structure.

Once K samples were generated, we estimated the corresponding SIMs [25] followed
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by an estimation of scores at each covariate value. Then, a new covariate value X0 was

generated in the same manner as previous covariates above, and for its corresponding

estimated score û0, we calculated µ̂ik(ûk0) and p̂ik(ûk0) for i = 1, ..., q; k = 1, ..., K

and the corresponding k̂∗ values for equal weights (ωi = 1 for all i) cases and few

unequal weights cases. The kernel function in this estimation was taken to be a U(−1, 1)

probability density function. We chose all bandwidths by the algorithm given by Wand

and Jones [20] for each i and k, i = 1, ..., q; k = 1, ..., K.

Next, we generated K new response vectors, Y∗∗k , k = 1, ..., K, each with mean vector

(g1k(β
′
1kX0), ..., gqk(β

′
qkX0))

′ for k = 1, ..., K, corresponding to this X0 using model (5)

where the errors were generated using the same construction that was used to generate

the K original samples. Then we obtain rank vectors ṽi,i = 1, ..., q, say, for each row of

the data matrix (Y∗∗1 , ...,Y
∗∗
K ), and minimize

ψ(v) =

q∑

i=1

ωiγ(v, ṽi) (12)

over PK for same corresponding weights ωis above to get the corresponding aggregated

vector (v̂∗1, ..., v̂∗K)′ and define the treatment assignment to be correct if

k̂∗ = arg min
1≤l≤K

{v̂∗l}

for the k̂∗ corresponding to the criteria using µ̂kis or p̂kis.

We repeated this procedure 1000 times for each model, sample size and error distri-

bution combination. Frequencies of correct treatment assignments for a representative

set of cases are given in the Tables (2)-(5). The results presented below are for model

functions and index vectors given in Table (1) below and for several covariate dimensions.

Examining these tables, while selection using estimated µk values have higher correct

selection frequencies compared with those using estimated pks, we notice that the drop

off in selection accuracy when using p̂k is not substantial in almost all examined cases.
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Response
Mean functions

Group-1 Group-2 Group-3

1 sin
{
π
(
C

′
X
)}

sin
{
π
3 + π

(
C

′
X
)}

sin
{
−π
3 + π

(
C

′
X
)}

2 cos
{
π
(
C

′
X
)}

cos
{
π
3 + π

(
C

′
X
)}

cos
{
−π
3 + π

(
C

′
X
)}

3 sin
{
π
2

(
C

′
X
)}

sin
{
π
3 + π

2

(
C

′
X
)}

sin
{
−π
3 + π

2

(
C

′
X
)}

4 cos
{
π
2

(
C

′
X
)}

cos
{
π
3 + π

2

(
C

′
X
)}

cos
{
−π
3 + π

2

(
C

′
X
)}

Table 1: Sets of mean functions used for generating treatment responses. For covariate
dimension r, C′ =

(
1/
√
r, ...1/

√
r
)
1×r.

As observed from our simulations, cases involving highly nonlinear curves with minor

differences in mean functions performed somewhat poorly compared with cases where

the nonlinearity is less severe or the differences between the signals is higher. If several

models are close to each other within the whole covariate domain, a high classification

error (i.e., incorrect treatment assignment) can be expected due to the lack of separation

between model functions. In general, the behavior of a multi covariate nonlinear model

cannot be easily visualized. Examination of the results reveal high assignment accuracy

for low error variability. In general, we observed fairly high accuracies for low covariate

dimensions. The presented simulation results are based on sine and cosine functions

which are bounded in (-1, 1). Hence, an increment in σ by 0.1 adds a relatively large noise

to a model. Consequently, as expected, we observed a decline in the correct assignment

frequency as σ is increased. The results for all examined cases pretty much followed the

same pattern with respect to model functions, error covariances and sample sizes.

4. Discussion

In this article we proposed a novel personalized treatment plan to select the optimal

treatment from a set of multiple treatments with multiple responses given the data from

a crossover study is available. This method is a single step procedure which can be

easily applied. The proposed method is based on semi parametric Single Index Models
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Covariate
dim.

Error
dist.

Error
dispersion para.

Correlation among responses
ρ=0 ρ=0.5 ρ=0.9

Probability
Smooth
Means

Probability
Smooth
Means

Probability
Smooth
Means

r =3

Normal
σN =0.1 967 967 981 981 980 979
σN =0.3 898 907 906 909 880 890
σN =0.5 799 806 777 778 763 777

DE
σD =0.1 983 985 975 973 967 969
σD =0.3 901 896 883 883 893 896
σD =0.5 813 827 784 784 787 795

r =5

Normal
σN =0.1 970 969 968 967 960 960
σN =0.3 891 896 885 886 868 875
σN =0.5 784 786 732 737 745 751

DE
σD =0.1 968 967 974 981 970 972
σD =0.3 899 904 900 909 879 877
σD =0.5 789 801 790 800 772 756

r =8

Normal
σN =0.1 941 940 946 950 946 949
σN =0.3 855 857 854 859 833 844
σN =0.5 734 732 712 724 694 703

DE
σD =0.1 946 950 929 929 949 955
σD =0.3 838 836 827 830 843 844
σD =0.5 741 749 720 740 733 730

Table 2: Frequencies of correct treatment selection in 1000 test cases for n = 50. Two
treatments with four responses.

Covariate
dim.

Error
dist.

Error
dispersion para.

Correlation among responses
ρ=0 ρ=0.5 ρ=0.9

Probability
Smooth
Means

Probability
Smooth
Means

Probability
Smooth
Means

r =3

Normal
σN =0.1 931 937 935 937 922 925
σN =0.3 830 847 835 841 827 846
σN =0.5 701 725 706 730 718 759

DE
σD =0.1 934 929 938 939 935 941
σD =0.3 826 836 844 854 831 854
σD =0.5 731 748 710 722 699 706

r =5

Normal
σN =0.1 931 935 918 929 925 928
σN =0.3 840 859 817 816 816 830
σN =0.5 683 712 692 686 693 712

DE
σD =0.1 927 934 944 944 933 931
σD =0.3 818 838 807 835 837 850
σD =0.5 709 711 715 720 725 717

r =8

Normal
σN =0.1 905 908 888 896 891 892
σN =0.3 769 782 776 797 785 789
σN =0.5 648 670 635 630 663 661

DE
σD =0.1 900 914 870 881 890 886
σD =0.3 794 799 771 779 800 806
σD =0.5 681 665 648 658 658 670

Table 3: Frequencies of correct treatment selection in 1000 test cases for n = 50. Three
treatments with three responses.
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Covariate
dim.

Error
dist.

Error
dispersion para.

Correlation among responses
ρ=0 ρ=0.5 ρ=0.9

Probability
Smooth
Means

Probability
Smooth
Means

Probability
Smooth
Means

r =3

Normal
σN =0.1 790 815 787 807 786 800
σN =0.3 708 725 698 718 694 710
σN =0.5 597 620 610 635 614 622

DE
σD =0.1 801 811 786 815 798 839
σD =0.3 718 749 728 757 712 757
σD =0.5 625 646 616 639 602 625

r =5

Normal
σN =0.1 761 768 778 806 793 800
σN =0.3 692 696 717 731 705 722
σN =0.5 597 618 611 628 628 628

DE
σD =0.1 780 811 785 818 788 815
σD =0.3 696 715 689 720 697 735
σD =0.5 643 661 599 632 624 643

r =8

Normal
σN =0.1 750 781 767 804 771 783
σN =0.3 653 691 655 682 646 672
σN =0.5 583 572 552 575 554 573

DE
σD =0.1 745 780 773 799 763 792
σD =0.3 633 682 626 663 656 692
σD =0.5 583 593 561 573 591 608

Table 4: Frequencies of correct treatment selection in 1000 test cases for n = 50. Three
treatments with four responses.

Weights
Error
dist.

Error
dispersion para.

Correlation among responses
ρ=0 ρ=0.5 ρ=0.9

Probability
Smooth
Means

Probability
Smooth
Means

Probability
Smooth
Means

w = (0.1, 0.2, 0.3, 0.4)
′

Normal
σN =0.1 849 863 851 872 855 839
σN =0.3 682 706 701 694 686 693
σN =0.5 536 553 538 577 568 575

DE
σD =0.1 870 857 863 860 851 845
σD =0.3 706 720 671 692 691 693
σD =0.5 568 575 563 570 578 586

w = (0.1, 0.1, 0.4, 0.4)
′

Normal
σN =0.1 734 757 713 755 731 753
σN =0.3 584 589 632 629 614 637
σN =0.5 522 554 511 536 539 535

DE
σD =0.1 746 764 724 745 729 772
σD =0.3 579 611 591 637 588 604
σD =0.5 548 569 557 513 539 518

w = (0.7, 0.1, 0.1, 0.1)
′

Normal
σN =0.1 892 900 901 907 901 911
σN =0.3 744 757 755 764 761 770
σN =0.5 591 590 592 583 587 598

DE
σD =0.1 899 909 889 898 878 890
σD =0.3 737 755 719 738 721 740
σD =0.5 602 621 627 625 594 614

Table 5: Frequencies of correct treatment selection in 1000 test cases for n = 50 with
r = 8 dimension. Three treatments with four responses with weights (w).
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which, add great flexibility in modeling real life situations. Furthermore, this method

can also be used for quantile regression SIMs providing additional model flexibility com-

pared with existing methods based on conditional expectations. Our empirical studies

show that the proposed method based on an attainable sampling scheme performs very

satisfactorily in selecting the optimal treatment in a multiple treatment and multiple

response setting. The primary reason for conducting crossover trials is to minimizing the

number of participants yet achieving accuracies comparable to multiple arm trials. In

that sense, if there are many treatments (i.e. K is large) and the need to have data from

a balanced study where all possible treatment sequences are given to separate collections

of patients may not be easy to achieve for future treatment selection. In those situa-

tions, treatment selection based on data from unbalanced crossover designs can provide

promise.

This article assumes there are no-carryover effects in responses. However, washing out

carryover effects in clinical experiments can be challenging in occasions where patients

need to be on medication at all times; e.g. diabetes. It will be a worthwhile endeavor

to consider a possible treatment selection method based on data with carryover effects.

Also, the responses in this article are all assumed to be complete. However, censoring

of responses is very common in practice. An extension of the proposed methodology to

a covariate dependent censoring setting and various lifetime aspects such as multi state

models is forthcoming.
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